We examine the asymptotics of the spectral counting function of a compact Riemannian manifold by V.G. Avakumovic [1] and L. Hörmander [15] and show that for the scale of orthogonal and unitary groups SO(N ), SU(N ), U(N ) and Spin(N ) it is not sharp. While for negative sectional curvature improvements are possible and known, cf. e.g., J.J. Duistermaat & V. Guillemin [8], here, we give sharp and contrasting examples in the positive Ricci curvature case [non-negative for U(N )]. Furthermore here the improvements are sharp and quantitative relating to the dimension and rank of the group. We discuss the implications of these results on the closely related problem of closed geodesics and the length spectrum.
Introduction
Here 0 = λ 0 < λ 1 ≤ λ 2 ≤ ... denote the eigen-values of −∆ g in ascending order where by basic spectral theory each eigen-value has a finite multiplicity while λ j ∞ as j ∞. The description of the asymptotics of the spectral counting function has been the subject of numerous investigations and is a result of a sequence of improvements and refinements starting originally from the seminal works of H. Weyl in 1911 describing the leading term and then gradually sharpening the form and order of the remainder term through the works of various authors most notably B.M. Levitan [21] , V.G. Avakumovic [1] and L. Hörmander [15] . (See also the monographs V. Ivrii [19] and M.A. Shubin [27] .)
For compact boundaryless manifolds the celebrated Avakumovic-Hörmander-Weyl asymptotics has the from .2) is originally due to V.G. Avakumovic [1] and later on L. Hörmander [15] , who by invoking the theory of Fourier integral operators and the wave equation gave a proof that simultaneously extends to operators of arbitrary order (see [7, 16] , [17] Vols. 3-4 or [27] ). That the remainder term is sharp can be seen by examining, e.g., Euclidean spheres or projective spaces (see below for more on this) whilst in contrast, for flat tori, the problem directly relates to counting integer lattice points and is far from sharp. Indeed recall that for
the eigen-functions (ϕ α : α ∈ Z d ) are characterised by .
(1.4)
A natural question thus is when is the remainder term in (1.2) sharp and if the sharpness of this term carries any geometric information. To elaborate on this further consider the half-wave equation The half-wave propagator e −it √ −∆g can be expressed as a Fourier integral operator and in view of the above identity its trace is the Fourier transform of the measure dN A . Thus by basic considerations the asymptotics of this trace near t = 0 translates via a Fourier inversion (a trivial but more revealing Tauberian theorem in this context) to the asymptotics of the spectral counting function as λ ∞. Now consideration of this Fourier integral operator, its canonical relation and the Lagrangian flow associated to its principal symbol leads to the geodesic flow on the cotangent bundle T M of M (note that it is precisely here that one needs to deal with the first order operator −∆ g ). The periodic orbits of this Lagrangian flow are the periodic geodesics on M and the resulting length spectrum contains the singular support of the distributional trace
Indeed the analysis by L. Hörmander of the big singularity of ρ at t = 0 leads to the trace formula of J.
where µ j = λ j and h ∈ S(R) with suppĥ ⊂ [−ε, ε] while h ≡ 1 in a suitably small neighbourhood of zero and ω k smooth real-valued densities on M d associated to the metric g. (In particular we have c 0 = Vol(B M ) the volume of the unit ball in the co-tangent bundle.) The sharpness of the remainder term in (1.2) now connects directly with the structure of the spectrum (λ j : j ≥ 0) and the nature of the geodesic flow. For example in case of Euclidean spheres, real or complex projective spaces or more generally compact rank one symmetric spaces the spectrum clusters, the geodesic flow is periodic and the remainder term in (1.2) is sharp. However, and in contrast, for spaces with non-positive sectional curvature or more generally spaces with measure-theoretically few periodic geodesics the remainder term in (1.2) is not sharp and can be improved to O(λ [8] as well as [2] , V. Ivrii [19] , C. Sogge [29] for more.) In this paper motivated, by the significance of the period geodesics on the Lie group G = SO(N ) in providing twist solutions to certain geometric problems in the calculus of variations (see [26, 31, 32] ) we take a closer look at the geodesic length spectrum and the spectral counting function and examining the sharpness of the remainder term in Weyl's law (1.2) for this case as well as the cases of the unitary and spinor groups. By analogy with the case of symmetric spaces and in contrast to the negative curvature case above, one expects, in virtue of positivity of Ric(G), that again the remainder term is sharp, however, we show this not to be the case. As a prototype example for the special orthogonal group SO(N ) apart from N = 3 where the geodesic flow is periodic -note that SO(3) ∼ = P(R 3 ) is a rank one symmetric space -the remainder term in (1.2) is not sharp and can be quantitatively improved.
Indeed the spectral counting function N = N (λ; G) of the orthogonal and unitary group G equipped with a bi-invariant metric g has the asymptotics: 9) where d = dim(G), n = rank(G) (see Tables 2 & 3 below) and ε = ε(n) ≥ 0. In fact we show that ε = 1 when n ≥ 5 and more generally ε = (n − 1)/(n + 1) when n ≥ 1. In particular when rank(G) ≥ 2 the Avakumovic-Hörmander-Weyl remainder term in (1.2) is not sharp and as direct calculation (as in Section 2 below) reveals this is precisely when the geodesic flow of G fails to be periodic. More interestingly when rank(G) ≥ 5 the exponent of λ in the remainder term (1.2) can be improved to (d − 2)/2 which is sharp. Let us end this introduction by giving a brief plan of the paper. In Section 2 we go over the main results and tools from the representation theory of compact Lie groups, in particular the computation of the Casimir spectrum, root systems and the analytic weights of irreducible representations followed by calculations relating to periodic geodesics and the length spectrum. In the interest of brevity and for the sake of definiteness the discussion here is confined to the prototype case of the special orthogonal group SO(N ). In Sections 3 and 4 we give detailed analysis of the spectral counting function and its asymptotics for the scale of special orthogonal, unitary and spinor groups. Finally in Section 5 we present and prove the sharper form of the asymptotics of N = N (λ; G) as highlighted in the discussion above for n ≥ 5.
2 Weyl chambers and spectral multiplicities for the Lie group G = SO(N ) with N ≥ 2
In this section we gather together some of the technical apparatus for computing and describing the spectrum and spectral multiplicities of the Laplace-Beltrami operator required later for the development of the paper. 3 The Cartan-Killing form on the special orthogonal group SO(N ) corresponds to the bilinear form B(X, Y ) = (N − 2)tr(XY ) with X, Y ∈ so(N ). In virtue of the semisimplicity of SO(N ) the latter leads to an inner product on the Lie algebra so(N ), here, taking the explicit form
This inner product in turn results in a bi-variant metric on SO(N ) that from now on is the choice of Riemannian metric. Specifically using left translations this gives the Adjoint invariant metric on G = SO(N ) defined via,
As the metric is bi-invariant the Riemannian exponential and the Lie exponential coincide (see, e.g., S. Helgason [13] ) and so the geodesic γ = γ(t) starting at g ∈ G in the direction X g ∈ T g G is given by γ(t) = g exp(tX) where X ∈ g is such that X g = gX. Now we fix the maximal torus T on G by setting, for even N ,
with the 2 × 2 rotation blocks R j (1 ≤ j ≤ n) in SO (2) given by R j = exp J j :
(a j ∈ R) and the usual adjustment for odd N , namely, n, 2 × 2 block as above and a last 1 × 1 block consisting of entry 1, specifically,
The subalgebra t ⊂ g corresponding to the maximal torus T ⊂ G for even N is given by, 5) and for odd N by
For the geodesic γ(t) = exp(tX) there exists g ∈ SO(N ) so that X = gξg −1 for suitable ξ ∈ t and γ(t) = g exp(tξ)g −1 . It is therefore plain that any periodic geodesic at identity is conjugate to one sitting entirely on the maximal torus T. Thus in considering the periodic geodesics of G we can merely focus on those confined to T. Now let Λ ⊂ t denote the lattice
Then any closed geodesic on T is the Lie exponential γ(t) = exp(2πtξ) for some ξ ∈ Λ with −∞ < t < ∞. Note γ(0) = γ(1) = I N . Now let E j (with 1 ≤ j ≤ n) denote the block diagonal matrix
Then recalling the inner product (2.1) it is seen that (E j : 1 ≤ j ≤ n) forms an orthonormal basis for t, hence, as any ξ in this subalgebra can be expressed as ξ = n j=1 a j E j , upon exponentiating we have,
As a result
This therefore identifies Λ with Z n which then via conjugation and translation describes all the periodic geodesics on G = SO(N ). Furthermore by conjugating Λ in so(N ) through SO(N ) and using dimensional analysis it follows that every geodesic in SO (3) is periodic a conclusion that dramatically fails in SO(N ) for N ≥ 4.
4 Now since the metric ρ on SO(N ) is bi-invariant we have
Thus the length of the closed geodesic γ = γ(t) is given by l(γ) = 2π|ξ|. Hence modulo translations and conjugations the number of closed geodesics whose length do not exceed √ x > 0 can be expressed as
where r = √ x/(2π) and χ r is the characteristic function of the closed ball centred at origin with radius r > 0. Thus the geodesic counting function (in the sense described) connects to the Gauss circle problem and its higher dimensional analogues -a highly challenging and notoriously difficult problem in analytic number theory. Indeed L (x) counting the number of points in Z n ∩ B √ x/2π has asymptotics given for suitable exponents δ, ζ (see the table below) by 
For n ≥ 5 the δ in Table 1 is sharp whereas in the cases n ≤ 3 finding the sharp δ is still an open problem. A conjecture of Hardy asserts that the sharp δ for n = 2 has the form δ = 1/4 + ε for all ε > 0 whilst in the case n = 3 the sharp δ is conjectured to be δ = 1/2 + ε for all ε > 0. (See the references for more.)
Next we denote by R the set of roots, by ∆ the corresponding root base and by F the set of fundamental weights. Due to the difference in the root structure of SO(N ) when N = 2n or N = 2n + 1 we describe these two different cases separately.
• SO(2n):
The lattices of weights and analytic weights for SO(2n) are respectively given by,
In particular the set of analytic and dominant weights (the highest weights) is given by
Note that the C + denotes the positive Weyl chamber corresponding to the choice of root base ∆.
• SO(2n + 1):
As in the case of SO(2n) we have that the weights and analytic weights are given by,
However in this case we have the set of analytic and dominant weights given by
It is well known that for a compact Lie group G equipped with a bi-invariant metric g the Laplace-Beltrami operator −∆ g has spectrum Σ = (λ µ ) with
where ρ is the half-sum of positive roots and µ ∈ A ∩ C + (cf., e.g., Knapp [20] ). Moreover the multiplicity of the eigenvalue λ µ is dim(π µ ) 2 where π µ ∈Ĝ (the unitary dual of G) is the irreducible representation associated to µ ∈ A ∩ C + , while dim(π µ ) is given by Weyl's dimension formula. Restricting to SO(N ) the eigenvalues of −∆ g denoted Σ = (λ ω : ω ∈ A ∩ C + ) are given by the explicit expression
we first note that
Therefore the multiplicity of the eigenvalue λ ω is given by
Here a j = n − j when N = 2n and a j = n − j + 1/2 when N = 2n + 1 with x = (x 1 , . . . , x n ) given by,
(2.21)
Counting lattice points with polynomial multiplicities
Let Γ ⊂ R n be a lattice of full rank, that is, Γ = { n j=1 j v j : j ∈ Z} where v 1 , ..., v n is a fixed set of linearly independent vectors in R n . Assume F = F (λ) is a homogenous polynomial of degree d ≥ 1 on R n assigning to each lattice point λ ∈ Γ an associated multiplicity or weight F (λ). The aim here is to describe the asymptotics of the weighted lattice point counting function
Here χ R denotes the characteristic function of the closed ball in R n centred at the origin with radius R > 0 and F R = F χ R . The approach is an adaptation of the classical argument in [14] based on smoothing out the sum via convolution with a mollifier and then using the Poisson summation formula. To this end we consider first the "mollified sum"
where Γ denotes the lattice dual to Γ. The focus will now be on the asymptotics of the second term on the right. Indeed since
and by basic properties of the Fourier transform
So we now need to describe the behaviour of F 1 (Rξ) for large R. Towards this end and in virtue of F being homogeneous we proceed by expressing F as
where P = P (θ) is the restriction to the sphere S n−1 of F and P k = P k (θ) is a spherical harmonic of degree d − 2k (see, e.g., L. Grafakos [11] or Stein & Weiss [30] ). Next let us denote
where each P k is a solid spherical harmonic on R n of degree d − 2k. Clearly by the linearity of the Fourier transform we can write
We now momentarily focus on the quantity f k,1 (|ξ|)
By invoking an estimate for the weighted integral of Bessel functions that the reader can find in the Appendix (see Proposition A.1) we have
when |ξ| > M k for some M k ∈ R. Therefore for |ξ| > M k we can write
This in turn means that,
for |ξ| > max k (M k ). Therefore returning to the remainder term we get that for large enough R,
As a result we can conclude that the "mollified sum" from (3.2) has the asymptotic behaviour
We next compare the mollified counting function with the original one. Towards this end we first observe that for y ∈ B R there exists some z ∈ B R+ such that F R+ ρ (y) = F R+ (z) . Thus by combining the above
and in addition we can obtain the similar bound for each y ∈ B R (0),
Therefore it follows that for each y ∈ B R (0) we have,
thus giving
(3.11) Next referring to the original lattice Γ we can define with the aid of the basis vectors v 1 , ..., v n another lattice
where a = min j { v j } > 0. Then using the bound
we can rewrite (3.11) as
Therefore the previously obtained bounds for M ε result in
as R ∞. Noting that the remainder term is optimised when ε = R − n−1 n+1 leads to the following conclusion. Theorem 3.1. Let F be a homogeneous polynomial of degree d ≥ 1 on R n and let Γ ⊂ R n be a lattice of full rank. Consider the weighted counting function M = M (R) defined for R > 0 by (3.1). Then
Note that repeating the above proof for the shifted counting function
) results in the exact same asymptotics (3.14) for M h . 6 We use this remark later on.
Improved asymptotics for N (λ; G) when G = SO(N ), SU(N ), U(N ) and Spin(N )
This section is devoted to the analysis of the asymptotics of the spectral counting function N (λ; G) as λ ∞ when G is one of the special orthogonal or unitary groups in the title. Here, the calculations in light of what has been obtained so far is explicit and the main question is the behaviour of the remainder term and whether it agrees with the Avakumovic-Hörmander sharp form or if there is an improvement. Notice that SO(2) ∼ = S 1 and SO(3) ∼ = S 3 /{±1} ∼ = P(R 3 ), the real projective space, and so in view of the periodicity of the geodesic flow (or direct calculations) we do not expect any improvements. However remarkably things change sharply as soon as we pass to the higher dimensional cases SO(N ) (with N ≥ 4). Indeed from earlier discussions we know, using (2.16)- (2.19) , that the spectral counting function for SO(N ) is given by
where χ R is the characteristic function of the closed ball with R = λ + ρ 2 centred at the origin and m n is the multiplicity function that is explicitly by (2.19) . In (4.1) we have also let x = ω + ρ and used the fact that x ∈C + for ω ∈ A ∩C + . An easy inspection show that on ∂C + we have m n (x) = 0 therefore we can rewrite N (λ) as
Notice that the multiplicity function m n is invariant under any permutation of (x 1 , · · · , x n ) in either case. In addition m n is also invariant under any change in sign of n − 1 of the x i 's when N = 2n and invariant under any change of sign of all the x i 's when N = 2n + 1. Thus m n is invariant under the Weyl group W given by
We now take advantage of the action of the Weyl group on the set of weights A ρ ∩ C + to extend N (λ) to the full set of weights A ρ . 8 Indeed as the Weyl group acts simply transitively on the interior of the Weyl chambers (which means that the interior of any Weyl chamber is mapped onto the interior of any other chamber in a bijective manner) we can write 
The leading term can be evaluated to be
Subsequently it follows that
where the exponent α in the remainder term, by making use of d = (N 2 − N )/2, is seen to be α = 1 2(n + 1)
This in particular confirms that the remainder term in Weyl's law is not sharp for the compact Lie group SO(N ). In summary we have proved the following result. 
with d = dim(SO(N )) and α given by (4.5). 
We now present the analogous analysis and result for the unitary and special unitary groups U(N ) and SU(N ) respectively. Firstly note that the spectrum of the Laplace-Beltrami on U(N ) and SU(N ) is given by the following
where
n − 1 and b N ∈ Z/N whilst (4.9) holds for SU(N ). The multiplicity of these eigenvalues is given by,
where x = (x 1 , . . . , x N ) and x j = b j − j + (N + 1)/2. Note that in the case of SU(N ) the
which therefore means that the eigenvalues and corresponding multiplicity function only depend on b 1 , . . . , b N −1 and x 1 , . . . , x N −1 respectively. Now following the arguments of SO(N ) we can prove the following (the proof of which we shall omit due to the similarity with SO(N )). 
.
(4.10)
Likewise in the case of the special unitary group G = SU(N ) with N ≥ 2 and
Note that the metric is the one arising from the inner product (X, Y ) = tr (X Y ) and is bi-invariant. By inspection for U(N ) when N ≥ 2 and for SU(N ) when N ≥ 3 the remainder term in Weyl's law (1.2) is not sharp whilst evidently outside this range the geodesic flow on the group is periodic. Table 3 : SU(N ) and
Let us end the section by studying the asymptotics of N (λ; G) for when G = 
12)
and α is given by (4.5).
Proof. As eluded to in the discussion prior to the theorem in virtue of G = Spin(N ) being the universal covering group of SO(N ) the two share the same root system, and the set of analytically dominant weights A ∩ C + for Spin(N ) are,
(4.13) The root systems of Spin(N ) and SO(N ) being the same implies that the multiplicity function m n for the two are the same homogenous polynomial. In particular for each y ∈ A ∩ C + we can write y = x/2 for some x ∈ A SO(N ) ∩ C + and so by homogeneity m n (y) = 2 −2l m n (x) (note that d = n + 2l where n is the rank). Therefore the counting function of Spin(N ) relates to the counting function of SO(N ) by rescaling, specifically,
. (4.14)
Now we reach the desired conclusion by invoking the relation R = λ + ρ 2 and hence obtaining
and making use of the relation 2 n Vol(SO(N )) = Vol(Spin(N )).
Regarding the last relation in the above proof we note that the volume of any compact Lie group G is given by 16) where Vol(A ) is the volume of the fundamental domain in the lattice of analytical weights. Then as Spin(N ) and SO(N ) share the same root system and rank(G) = n the above claim follows upon noting that Vol(A SO(N ) ) = 1 and Vol(A Spin(N ) ) = 2 −n .
Weyl's Law for the Orthogonal and Unitary groups: A sharp result
In this final section we present a result on the sharp asymptotics of the remainder term for the spectral counting function of the orthogonal and unitary groups as in the previous sections. Here we assume for technical reasons that the rank of the group is strictly greater than four.
Theorem 5.1. Let G denote one of the unitary, orthogonal or spinor groups as above. Then provided that n = rank(G) ≥ 5 we have
where as before d = dim(G).
The principle idea of the proof is to approximate the counting function N (λ) by an alternative one with radial weight which is easier to tame. Recall that the multiplicity functions, given earlier in the paper, are homogeneous polynomials of even degree and as such can be written as m n (x) = |x| 2m P (x/|x|). This homogeneity permits the forthcoming description of N (λ) where n = rank(G) and r n (k) = |{ω ∈ Z n : |ω| 2 = k}|. Indeed
where H k = {θ j = x j /|x j | : x j ∈ Z n and |x j | 2 = k}. The form (5.2) is suggestive towards a natural approximation by
It is clear that any sensible approximation of N (λ) via E (R) necessitates that the averaged sum in (5.2) converges. To this end we recall the uniformly distributed nature of Z n projected onto the unit sphere S n−1 , giving,
as k → ∞ for any F ∈ C(S n−1 ). Through the work of C. Pommerenke [25] and A.V. Malyshev [22] , it is even known that for F ∈ C 2m (S n−1 ) we have the quantitative estimate,
provided m > n − 1. 9 Therefore as P (θ) is the restriction to S n−1 of a homogeneous polynomial we have that,
Combining this with r n (k) = O(k n−2
2 ) for n ≥ 5, see [9] , grants that,
Therefore once we have a result analogous to Theorem 5.1 for E (R) we shall obtain (5.1) as a simple repercussion of the above approximation estimate.
Theorem 5.2. Let E = E (R) be as in (5.3). Then provided n ≥ 5 we have the asymptotics
Proof. The proof of this result is an adaptation of the classical lattice point counting argument with constant weight, i.e., m = 0. Indeed the explicit form of r 4 (k), i.e., the Jacobi sum of four square formula, gives a weaker result for E (R) on Z 4 . More precisely,
one can firstly show that (cf. [10] pp. 34-5)
where the last equality comes from Faulhaber's formula with c m,j = (−1) j m+2 j B j and B j are the Bernoulli numbers. Moreover,
As a result,
which permits (5.11) to be rewritten as (with c = c m,
Next substituting (5.12) into (5.9) with k≤R 2 k −1 − k≤R 2 /4 k −1 = O(1) and
Thus we have proved (5.8) upon identifying the coefficients in (5.13) with the integrals given in (5.8). Now (5.7) is obtained by firstly writing,
Here E fj 4 (t) denotes the counting function on Z 4 with weight f (ω, j) = (|ω| 2 + j 2 ) m which is a sum of radial weights. Hence (5.8) in (5.14) produces,
where we have defined r(t, j) = t − j 2 and 11 , 17) and
f (x, j) dx. Moreover we have
). This particular decomposition of H(t) lends itself favourably to estimates for large t. Towards this end let us begin by noting M (t, n) = O( √ t) (see [10] pp. 97). Furthermore a direct calculation gives
. Additionally a straightforward application of the binomial expansions in (5.19) f (x, y) dx. Hence we have completed the proof of Theorem 5.1.
